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Abstract

The identi¯cation of regulatory signals is one of the most di±cult and
challenging tasks in bioinformatics. With the development of microarray
technology, biologists can now reveal gigantic gene sequences, which con-
tain parts of the genome believed to be responsible for most transcription
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control - the transcription factor DNA-binding motifs (TFBMs). Devel-
oping a practical and e±cient computational tool to identify TFBMs will
enable us to better understand the interplay among thousands of genes in
a complex eukaryotic organism.

This optimization problem is mathematically formulated as the mo-
tif ¯nding problem in computer science. This problem has been studied
extensively in recent years. In this paper, we have developed a new mathe-
matical model and approximation technique for motif searching, in which
graph theoretic and geometric properties of this approach are applied.
Based on the properties of this model, we propose a non-statistical ap-
proximation algorithm to ¯nd motifs in a set of genome sequences.

1 Introduction

The identi¯cation and interpretation of the regulatory signals within the eu-
karyotic genomes remain among the greatest goals and most di±cult challenges
in genome research. With the development of gene-pro¯ling technology, the ex-
pression patterns of thousands of genes under a variety of conditions have been
revealed. This gives us the opportunity to identify and analyze the parts of
a genome believed to be responsible for most transcription control - the tran-
scription factor DNA-binding motifs (TFBMs). Developing bioinformatics tools
to identify TFBMs in the eukaryotic genome will be very useful. These tools
will lead to a better understanding how the interplay among thousands of genes
leads to the existence of a complex eukaryotic organism. Understanding gene
regulation is one of the most exciting topics in molecular genetics. The quan-
tity of information gained in the sequencing and gene expression projects both
requires and enables us to use computers to solve this problem. We are devel-
oping bioinformatics tools to identify the TFBMs in the genomes. The arrival
of microarray gene-expression data has generated a large group of genes with
a similar expression pro¯le (e.g. those that are activated at the same time in
the cell cycle). This gene expression pro¯le is, at least partly, caused by and re-
°ected in a similar structure of the regions involved in transcription regulation.
The ultimate goal is the automated construction of speci¯c promoter models
containing a combination of several TFBMs. Another approach is to come up
with algorithms able to identify the TFBMs in genomes.

There are many papers about identi¯cation of motifs in the literature and
related software, which are motivated by not only genome research but also data
mining and other areas. Smith and Waterman are among the early pioneers who
studied the motif ¯nding problem and introduced local dynamic programming
[11]. FASTA [10] is another practical approach for alignments. The su±x tree
[7] method of Gus¯eld provides optimal solutions for motifs consisting of identi-
cal substrings. For searching motifs that allow a small amount of mutations, a
greedy algorithm [8] is e±cient. Lawrence, et al. developed an algorithm based
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on Gibbs-sampling [9]. Another technique that has been used to solve the motif
¯nding problem is \expectation maximization" [3].

Let S be a set of strings with the same length n. The goal of our project
is to ¯nd a collection of subsets (motifs) of S in each of which elements are
very \similar" to each other. Akutsu [1] [2] proved the motif ¯nding problem
(measured by relative entropy) is NP -complete. In this paper, we establish a
mathematical model: the set of strings/data is mapped to a graph in which each
vertex represents a string and the weight of the edge between two vertices is the
similarity between the corresponding strings. Obviously, it is a complete graph
KjSj with the weight function Á : E(KjSj) 7! [0; 1]. The motif ¯nding problem
is obviously equivalent to the problem of \¯nding all cliques" in a graph where
only edges with large weight are present. It is well-known that the maximum
clique problem is NP -complete [5]. (In fact, the number of large cliques in some
graphs could be exponential.) This means it is not likely that a polynomial time
algorithm exists for an optimal solution of this problem if only graph theoretic
methods are applied.

We investigate some properties (such as, the \triangle inequality") about our
model in Section 3. Based on these geometric and graph theoretic properties,
we are able to introduce a new approximation technique for motif searching (or
clique-like subgraph searching in weighted graphs).

2 De¯nitions and Mathematical Model

In this section, a similarity function between strings corresponding to Hamming
distance is de¯ned. All properties in this paper are proved based on Hamming
distance, although many of them are presented in terms of the similarity func-
tion. A mathematical model is to be established based on those de¯nitions.

Graph theory notation and terminology used in this paper are standard in
most discrete mathematics and computer science textbooks [4], [13], etc.

2.1 De¯nitions

DNA sequences consist of four types of nucleotides, named Adenine, Cytosine,
Guanine and Thymine. Hence, DNA sequences can be presented as strings
over the alphabet § = fA; C; G; T g . For the sake of convenience, we denote
A = ²1; C = ²2; G = ²3; T = ²4. If there are two strings S1 = x1; ¢ ¢ ¢ ; xn and
S2 = y1; ¢ ¢ ¢ ; yn, let ±(xj ; yj) = 1 if xj = yj , and ±(xj ; yj) = 0 otherwise. (If
protein sequences are in consideration, we may simply replace the nucleotide
alphabets of order 4

with the amino acid alphabets of order 20).
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De¯nition 2.1 (Representative of a set of strings) Let S be a set of strings
with the same length n. The representative of S, denoted by R(S), is a (4 £ n)-
matrix [ui;j ] such that ui;j is the frequency (%) of the symbol ²i in the j-th

position of all strings of S.
P4

i=1[ui;j ] = 1: And we say the number of strings
of S as jSj.
De¯nition 2.2 (Hamming Distance between strings) The Hamming Dis-
tance of two strings S1 = x1; ¢ ¢ ¢ ; xn and S2 = y1; ¢ ¢ ¢ ; yn is de¯ned as follows,

dH(S1; S2) =

nX
j=1

(1 ¡ ±(xj ; yj)):

Or, it can be equivalently de¯ned as: Let D µ f1; ¢ ¢ ¢ ; ng such that xi 6= yi if
and only if i 2 D. Then dH(S1; S2) = jDj.
De¯nition 2.3 (Similarity between strings) The Similarity of two strings
S1 and S2 with the same length n is de¯ned as follows,

Á(S1; S2) = 1 ¡ dH(S1; S2)=n = (1=n)
nX

j=1

±(xj ; yj):

Or, it can be equivalently de¯ned as: Let D µ f1; ¢ ¢ ¢ ; ng such that xi 6= yi if
and only if i 2 D. Then Á(S1; S2) = 1 ¡ jDj=n.

De¯nition 2.4 (Hamming Distance and Similarity between string and
representative) Let S be a set of strings with the same length n and R(S) =
[ri;j ]4£n be the representative of S. Let X = x1 ¢ ¢ ¢ xn be a string of length n
(X is not necessarily in S). The Hamming Distance between X and R(S) is
de¯ned as follows,

dH(R(S); X) =
X

j=1;¢¢¢;n; and xj=²i

(1 ¡ ri;j) =

nX
j=1

4X
i=1

ri;j £ (1 ¡ ±(xj ; ²i)):

We also de¯ne the Similarity between X and R(S) as follows,

Á(R(S); X) = 1 ¡ dH(R(S); X)

n

= (1=n)
X

j=1;¢¢¢;n; and xj=²i

ri;j

= (1=n)

nX
j=1

4X
i=1

ri;j £ ±(xj ; ²i):

4



De¯nition 2.5 (Hamming Distance and Similarity between represen-
tatives) Let S and S 0 be two sets of strings with the same length n and R(S) =
[ui;j ] and R(S 0) = [vi;j ]. The Hamming Distance between R(S) and R(S 0) is
de¯ned as follows,

dH(R(S); R(S 0)) =
1

2
£

nX
j=1

4X
i=1

jui;j ¡ vi;j j:

We also de¯ne the Similarity between R(S) and R(S 0) as follows,

Á(R(S); R(S 0)) = 1 ¡ dH(R(S); R(S 0))
n

= (1=2n)

nX
j=1

(2 ¡
4X

i=1

jui;j ¡ vi;j j):

De¯nition 2.6 A c-clique H of an edge-weighted graph G is a subgraph of G
such that w(u; v) ¸ c for every edge u; v 2 E(H).

De¯nition 2.7 Let G be an edge-weighted graph and G0 be a subgraph of G.
The subgraph G0 is called an R-group with similarity c if Á(x; R(G0)) ¸ c, for
every x 2 G0. R-group can be de¯ned equivalently as follows. G0 with k0 strings
is an R-group if,

1

k0
X

y2G0
Á(x; y) ¸ c;

for every x 2 G0.

Obviously, R-groups are approximations of c-cliques. It is not hard to see
that a c-clique Q is an R-group since the similarity between every pair of vertices
(strings) of Q is at least c, while an R-group H may contain one or more c-cliques
since the average similarity between a vertex of H and all vertices of H is at
least c. In order to avoid working on an NP-Complete problem (the clique
problem), the concept of R-group is introduced here for designing and studying
approximation algorithms (Section 4).

2.2 Mathematical Model

Let S be a set of strings with the same length n, and let Á : S £ S 7! [0; 1] be
similarity function between two strings.

The similarity relation of elements of S is modeled as a Á-weighted (com-

plete) graph KÁ
jSj with the vertex set S and Á(x; y) as the Á-weight of the edge

joining the vertices x and y (the similarity of the corresponding pair of strings
x and y).
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For a constant c : 0 < c · 1, the goal of motif ¯nding is to ¯nd a subgraph
H of KÁ

jSj such that Á(x; y) ¸ c for every pair of vertices x; y 2 V (H). This

optimization problem is actually the clique ¯nding problem in general graph the-
ory and discrete optimization areas, and is described in the following paragraph.

Let c be a positive number between 0 and 1 and let Gc be a subgraph of KÁ
jSj

with the same vertex set S = V (KÁ
jSj) and E(Gc) = fe 2 E(KÁ

jSj) : Á(e) ¸ cg.

The graph Gc is called the c-truncated subgraph of KÁ
jSj.

The problem of ¯nding a motif is equivalent to the problem of ¯nding a
clique of a given order m in the c-truncated graph Gc. Unfortunately, ¯nd-
ing a clique of size ¸ m in graph is an NP -Complete problem [6]. Due to
the hardness of the problem in this simple model, we would like to introduce
an approximation approach that uses some information of the Á-weighted graph.

Let H be a subgraph of KÁ
jSj. Construct a new graph HR from H by adding

a special vertex R(H) (called the representative of H). The new vertex does not
correspond to a string; it statistically represents the distribution of the symbols
of all elements of H . The Similarity function (Á) between the representative
R(H) and other vertices is de¯ned in the previous subsection. The solution of

the following problem is called an R-group of KÁ
jSj and is a practical approxi-

mation of the clique (motif) problem.

Find a subgraph H of KÁ
jSj such that Á(R(H); x) ¸ c for every x 2 V (H).

Though the simple model of c-truncated graph cannot lead us to an e±-
cient algorithm for the motif problem, we may still occasionally use it as an
auxiliary graph for some parts of the processing and discussion. However, our
main attention is on the Á-weighted graph KÁ

jSj and the representatives of some

subgraphs.

3 Properties of the Model

Some properties about similarity estimation between vertices, c-cliques and R-
groups are discussed in this section, which are theoretically necessary for the
analysis of our model and algorithm.

3.1 Triangle Inequality

The triangle inequality is fundamental for any distance measure. Proposition 3.1
is a well-known fact for Hamming distance. Proposition 3.2, the counterpart
of Proposition 3.1 for similarity, is an immediate corollary of Proposition 3.1.
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However, the newly de¯ned distance and similarity involved with representatives
are not standard. Some inequalities for the estimation of similarities in our new
model and some recursive operations are to be studied in this section.

Proposition 3.1 (Triangle inequality of Hamming Distance among three
strings) If strings X, Y , and Z have the same length n and dH(X; Y ) = c1 and
dH(Y; Z) = c2, then dH(X; Z) · c1 + c2, in which c1 and c2 are both constants.

Proposition 3.2 (Triangle inequality of similarity among three strings)
If strings X, Y , and Z have the same length n and Á(X; Y ) = c1 and Á(Y; Z) =
c2, then Á(X; Z) ¸ max(c1 + c2 ¡ 1; 0), in which c1 and c2 are both constants.

Propositions 3.1 and 3.2 are to be generalized for not only strings but also
representatives of subsets of strings.

Theorem 3.3 (Triangle inequality of similarity among two strings and
one representative) Let H be a set of strings and S1; S2 be two strings (all
of them have the same length n). If Á(R(H); S1) = c1 and Á(R(H); S2) = c2

(0 · c1; c2 · 1), then Á(S1; S2) ¸ max(c1 + c2 ¡ 1; 0).

Corollary 3.4 Let d be a real number, 0 · d · 1. If H is a set of strings such
that Á(R(H); S) ¸ (1 ¡ d) for any S 2 H, then Á(Si; Sj) ¸ max(1 ¡ 2d; 0) for
each Si; Sj 2 H.

This corollary can be restated as the following,

Corollary 3.5 Let d be a real number, 0 · d · 1. If H is a set of strings
such that Á(R(H); S) ¸ (1 ¡ d) for each S 2 H, then H is a c-clique, where
c = max(1 ¡ 2d; 0).

Theorem 3.6 (Triangle inequality of similarity among two represen-
tatives and one string) Let X and Y be two sets of strings and S be a
string (all the strings here have the same length n). If Á(R(X); S) = c1 and
Á(R(Y ); S) = c2, then Á(R(X); R(Y )) ¸ max(c1 + c2 ¡ 1; 0).

Theorem 3.7 (Another triangle inequality of similarity among two
representatives and one string) Let X and Y be two sets of strings and
S be a string (all the strings here have the same length n). If Á(R(X); S) = c1

and Á(R(X); R(Y )) = c2, then Á(S; R(Y )) ¸ max(c1 + c2 ¡ 1; 0).

Theorem 3.8 (Triangle inequality of similarity among three represen-
tatives) Let X, Y and Z be three sets of strings with the same length n. If
Á(R(X); R(Y )) = c1 and Á(R(Y ); R(Z)) = c2 (0 · c1; c2 · 1), then

Á(R(X); R(Z)) ¸ max(c1 + c2 ¡ 1; 0):
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3.2 Operations on Cliques and R-groups

Recursive operations (such as, insertions and deletions) are key elements of an
algorithm.

In this subsection, changes of similarities after operations are to be estimated
in several inequalities.

Theorem 3.9 (Insertion) Let S be a set of strings with the same length n
(jSj = k). Let T be a string of length n that is not in S, and S be a string in
S. If Á(R(S); T ) = c1, Á(R(S); S) = c2 and Á(S; T ) = c3, then

Á(R(S [ fT g); T ) = c1 + (1 ¡ c1)=(k + 1)

and
Á(R(S [ fT g); S) = c2 + (c3 ¡ c2)=(k + 1):

Corollary 3.10 Let S be a set of strings with the same length n (jSj = k).
Let T be a string of length n that is not in S, and S be a string in S. If
Á(R(S); S) ¸ c and Á(T; S) ¸ c, then

Á(R(S [ fT g); S) ¸ c:

By Theorem 3.9, we note that if c2 · c3, then Á(R(S[fT g); S) ¸ Á(R(S); S):

Theorem 3.11 (Deletion) Let S be a set of strings with the same length n
(jSj = k). If Á(R(S); S) = c1, Á(R(S); T ) = c2 and Á(S; T ) = c3 (where S and
T are two strings in S), then Á(R(S n fSg); T ) = c2 + c2¡c3

k¡1
.

Theorem 3.12 (Deletion) Let S be a set of strings with the same length n
(jSj = k) and let S 2 S with Á(R(S); S) = c, then

Á(R(S); R(S n fSg)) = 1 ¡ 1 ¡ c

k ¡ 1
:

Corollary 3.13 S is an R-group with similarity c (jSj = k) if and only if
Á(R(S); R(S n fSg)) ¸ 1 ¡ 1¡c

k¡1 for any S 2 S.

4 Algorithm

4.1 Basic Algorithm

Our goal of the following algorithm is to ¯nd a collection of R-groups such that
if a vertex v is contained in a clique of order m, it is contained in some of the
output R-groups.
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Algorithm 4.1

Input: S: a set of k strings with length n, a constant integer m and a real
number c : 0 · c · 1 (the similarity lower bound for R-groups).

step 1: Construct the Á-weighted (complete) graph KÁ
jSj with the vertex set

S and Á(x; y) as the Á-weight of the edge joining any vertices x and y (the simi-
larity of the corresponding pair of strings x and y). Build the related c-truncated
graph Kc. (Complexity °(k2n).)

step 2: Find the vertex u with the maximum degree in Kc. (This can be
done in conjunction with step 1.)

step 3: Let G0 be the subgraph of the c-truncated graph Kc induced by the
closed neighborhood N [u] of u. Let G be the subgraph of the Á-weighted graph

KÁ
jSj induced by same vertex set as that of G0. (Complexity is °(k2).)

step 4: Update G and G0 by removing all vertices with degrees less than
m ¡ 1 in G0. (Complexity °(k2).)

step 5: Let jG0j = k0. (If k0 < m, then output an empty set and stop.) Find
the vertex s in G0 such that Á(R(G0); s) is minimum. Check if Á(R(G); R(G n
fsg)) ¸ 1 ¡ 1¡c

k0¡1 . If \yes", then go to step 7; otherwise, go to step 6. (Com-

plexity is °(k2n).)

step 6: Let M be the vertex subset of G0 such that every element v of M
satis¯es Á(R(G); v) < c. Let d(v) be the degree of v in G0. Select a vertex s0

from M such that d(s0) £ Á(R(G0); s0) is minimum. Update G and G0 by remov-
ing s0. Go to step 5. (Complexity is °(k2n).)

step 7: Output an R-group. (Total complexity is °(k3n).)

Repeating the algorithm. The algorithm above is to ¯nd an R-group con-
taining a speci¯c large degree vertex. After we have found an R-group, we can
¯nd others by starting at another vertex u with large degree in Kc, which is not
contained in any output and not been used in step 2 yet. Then iterate step 3
to step 7.

4.2 Modi¯cations for Various Applications

In real applications, biologists and other scientists may have some motif ¯nding
problems with various requirements. Thus, modi¯cations of the models and the
algorithm are needed for those related problems. Discussions in the following
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cases brie°y describe the modi¯cations for some typical problems.

Case 1. The input is a set X of sequences and an integer n. The desired
output is a motif H consisting of substrings (of the same length n) of some
member of X . Here, the number of substrings contributed to H from each
member of X is not restricted.

The models and algorithm presented in the previous sections can be applied
directly to this type of problem: one can simply let S be the set of all substrings
(of the same length n) of some members of X .

Case 2. The input is a set X of sequences and an integer n. The desired
output is a motif H consisting of substrings (of the same length n) of some
member of X . Here, the number of substrings contributed to H from each
member of X is precisely one.

For this problem, the Á-weighted graph KÁ
jSj should be modi¯ed as a Á-

weighted multipartite complete graph in which the i-th part of the vertex par-
tition is the set of all substrings of the i-th member of X . Since there is no
\similarity" de¯ned for substrings from the same sequence, with a few further
restriction in Algorithm 4.1, each output consists of precisely one substring from
each member of X . This is an outline of modi¯cation, and the details are omit-
ted here.

Problems of Case 2 are more complicated than problems of Case 1 if one
applies the algorithm and its idea in the previous sections. Because of the totally
di®erent approaches, it is not surprising that the Gibbs sampling algorithm [9]
has an easier processing for problems of Case 2 than problems of Case 1 (see
Chapter 10 of [12]).
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