
The Variable Precision Rough Set Inductive

Logic Programming Model

and Predictive Toxicology

R. S. Milton1, V. Uma Maheswari2 and Arul Siromoney2

1 Department of Computer Science,
Madras Christian College, Chennai – 600 059, India

2 School of Computer Science and Engineering,
Anna University, Chennai – 600 025, India

Contact email: asiro@vsnl.com

Apr 07, 2003

Keywords: Machine Learning; Rough Set Theory; Variable Precision Rough
Sets; Inductive Logic Programming; Bioinformatics

1



Abstract

The Variable Precision Rough Set Inductive Logic Programming model
(VPRSILP model) extends the Variable Precision Rough Set (VPRS)
model to Inductive Logic Programming (ILP). This paper presents cVPRSILP,
an approach based on the VPRSILP model, that uses attributes based on
clauses of interest to define the elementary sets. An illustrative experiment
using the Predictive Toxicology Evaluation Challenge data is presented.

1 Introduction

Inductive Logic Programming (ILP) [Mug91] is the research area formed at the
intersection of logic programming and machine learning. ILP uses background
knowledge, and positive and negative examples to induce a logic program that
describes the examples. The induced logic program consists of the original
background knowledge along with an induced hypothesis.

Rough set theory [Paw82, Paw91] defines an indiscernibility relation, where
certain subsets of examples cannot be distinguished. A concept is rough when
it contains at least one such indistinguishable subset that contains both positive
and negative examples. It is inherently not possible to describe the examples
accurately, since certain positive and negative examples cannot be distinguished.

The gRS–ILP model [Sir97, SI02] introduces a rough setting in Inductive
Logic Programming. It describes the situation where the background knowledge,
declarative bias and evidence are such that any induced logic program cannot
distinguish between certain positive and negative examples. Any induced logic
program will either cover both the positive and the negative examples in the
group, or not cover the group at all, with both the positive and the negative
examples in this group being left out.

The Variable Precision Rough Set (VPRS) model [Zia93] is a generalized
model of rough sets that inherits all basic mathematical properties of the origi-
nal rough set model. Rough Set Theory assumes that the universe under consid-
eration is known and all the conclusions derived from the model are applicable
only to this universe. In practice, however, there is an evident need to generalize
conclusions obtained from a smaller set of examples to a larger population. The
VPRS model allows for a controlled degree of misclassification. Any partially
incorrect classification rule provides valuable trend information about future
test cases if the majority of available data to which such a rule applies can be
correctly classified.

This paper presents the Variable Precision Rough Set Inductive Logic Pro-
gramming model [MSMI01], an extension of the gRS–ILP model using features
of the VPRS model. cVPRSILP, an approach based on the VPRSILP model
is described. In the cVPRSILP approach, elementary sets are defined using
attributes that are based on clauses of interest. An experimental illustration
using the Predictive Toxicology Evaluation Challenge data is presented.
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2 Inductive Logic Programming

The semantics of ILP systems are discussed in [MR94]. In ILP systems, back-
ground (prior) knowledge B and evidence E (consisting of positive evidence E+

and negative evidence E−) are given, and the aim is then to find a hypothesis
H such that certain conditions are fulfilled.

In the normal semantics, the background knowledge, evidence and hypothe-
sis can be any well-formed logical formula. The conditions that are to be fulfilled
by an ILP system in the normal semantics are

Prior Satisfiability: B ∧ E− 6|= 2

Posterior Satisfiability: B ∧H ∧ E− 6|= 2

Prior Necessity: B 6|= E+

Posterior Sufficiency: B ∧H |= E+

However, the definite semantics, which can be considered as a special case
of the normal semantics, restricts the background knowledge and hypothesis to
being definite clauses. This is simpler than the general setting of normal se-
mantics, since a definite clause theory T has a unique minimal Herbrand model
M+(T ), and any logical formula is either true or false in the minimal model.
The conditions that are to be fulfilled by an ILP system in the definite semantics
are

Prior Satisfiability: all e ∈ E− are false inM+(B)
Posterior Satisfiability: all e ∈ E− are false inM+(B ∧H)
Prior Necessity: some e ∈ E+ are false inM+(B)
Posterior Sufficiency: all e ∈ E+ are true inM+(B ∧H)

The Sufficiency criterion is also known as completeness with respect to pos-
itive evidence and the Posterior Satisfiability criterion is also known as consis-
tency with the negative evidence.

The special case of definite semantics, where evidence is restricted to true
and false ground facts (examples), is called the example setting. The example
setting is thus the normal semantics with B and H as definite clauses and E
as a set of ground unit clauses. The example setting is the main setting of ILP
employed by the large majority of ILP systems.

3 Formal definitions of the gRS–ILP model

The generic Rough Set Inductive Logic Programming (gRS–ILP) model in-
troduces the basic definition of elementary sets and a rough setting in ILP
[Sir97, SI02]. The essential feature of an elementary set is that it consists of
examples that cannot be distinguished from each other by any induced logic
program in that ILP system. The essential feature of a rough setting is that
it is inherently not possible for certain positive and negative examples to be
distinguished, since both these positive and negative examples are in the same
elementary set. The basic definitions formalised in [SI00] follow.
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The ILP system in the example setting of [MR94] is formally defined as
follows.

Definition 3.1. An ILP system in the example setting is a tuple Ses =
(Ees, B), where
(1) Ees = E+

es ∪ E−
es is the universe, where E+

es is the set of positive examples
(true ground facts), and E−

es is the set of negative examples (false ground facts),
and
(2) B is a background knowledge given as definite clauses such that (i) for all
e− ∈ E−

es, B 6` e−, and (ii) for some e+ ∈ E+
es, B 6` e+.

Let Ses = (Ees, B) be an ILP system in the example setting. Then let
H(Ses) (also written as H(Ees, B)) denote the set of all possible definite clause
hypotheses that can be induced from Ees and B, and be called the hypothesis
space induced from Ses (or from Ees and B). Further, let P(Ses) (also written as
P(Ees, B) = {P = B ∧H | H ∈ H(Ees, B)}) denote the set of all the programs
induced from Ees and B, and be called the program space induced from Ses (or
from Ees and B).

The aim is to find a program P ∈ P(Ses) such that the next two conditions
hold: (iii) for all e− ∈ E−

es, P 6` e−, (iv) for all e+ ∈ E+
es, P ` e+.

The following simple illustration is used to explain this definition. Let S =
(E,B) where E = E+ ∪ E−,
E+ = {p(d1), p(d2), p(d3)},
E− = {p(d4), p(d5), p(d6)} and
B = {atom(d1, c), atom(d2, c), atom(d3, o), atom(d4, o),
atom(d5, n), atom(d6, n)}. Without loss of generality, only six examples are
considered p(d1), p(d2), p(d3), p(d4), p(d5), p(d6) in our universe of examples.
The background knowledge B indicates that the positive example molecule d1

has a carbon atom, negative example molecule d4 has an oxygen atom, negative
example molecule d5 has a nitrogen atom, and so on. The background knowledge
B has only ground facts, using the predicate atom, and so does not cover any
example. It is seen that for all e− ∈ E−, B 6` e−, and for some e+ ∈ E+, B 6`
e+. (Two conditions (i) and (ii) of an ILP system in the example setting hold.)
Let H = {p(d1), p(d2), p(d3)}. Then for all e− ∈ E−, B ∧H 6` e−, and for all
e+ ∈ E+, B ∧H ` e+. (Two conditions (iii) and (iv) also hold.)

The following definitions of Rough Set ILP systems in the gRS–ILP model
(abbreviated as RSILP systems) use the terminology of [MR94].

Definition 3.2. An RSILP system in the example setting (abbreviated as
RSILP–E system) is an ILP system in the example setting, Ses = (Ees, B),
such that there does not exist a program P ∈ P(Ses) satisfying both the condi-
tions (iii) and (iv) above.
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Definition 3.3. An RSILP–E system in the single–predicate learning context
(abbreviated as RSILP–ES system) is an RSILP–E system, whose universe E is
such that all examples (ground facts) in E use only one predicate, also known
as the target predicate.

A declarative bias [MR94] restricts the set of acceptable hypotheses, and is
of two kinds: syntactic bias (also called language bias) that imposes restrictions
on the form (syntax) of clauses allowed in the hypothesis, and semantic bias
that imposes restrictions on the meaning, or the behaviour of hypotheses.

Definition 3.4. An RSILP–ES system with declarative bias (abbreviated as
RSILP–ESD system) is a tuple S = (S′, L), where
(i) S′ = (E,B) is an RSILP–ES system, and
(ii) L is a declarative bias, which is any restriction imposed on the hypothesis
space H(E,B).
We also write S = (E,B,L) instead of S = (S′, L).

For any RSILP–ESD system S = (E,B,L), let
H(S) = {H ∈ H(E,B) | H is allowed by L}, and
P(S) = {P = B ∧H | H ∈ H(S)}.
H(S) (also written as H(E,B,L)) is called the hypothesis space induced from
S (or from E, B, and L). P(S) (also written as P(E,B,L)) denotes the set of
all the programs induced by S, and is called the program space induced from S
(or from E, B, and L).

It is seen in the illustration used earlier that the ILP system can exactly
describe the set of positive examples, but in a manner that is not very useful,
since the hypothesis is the same as the positive example ground facts. If the
terms d1, . . . , d6 are not allowed in H, then with H = {p(A)← atom(A, c)}, for
all e− ∈ E−, B ∧H 6` e−. However it is not true that for all e+ ∈ E+, B ∧H `
e+, since B ∧H 6` p(d3) ∈ E+. (Condition (iii) holds, but not condition (iv).)
With H = {p(A) ← atom(A, c), p(A) ← atom(A, o)}, for all e+ ∈ E+, B ∧
H ` e+. However it is not true that for all e− ∈ E−, B ∧ H 6` e−, since
B ∧H ` p(d4) ∈ E−. (Condition (iv) holds, but not condition (iii).)

This is formalised in the definition of the RSILP–ESD system. Let S =
(E,B,L) where E and B are as given above, and L is the declarative bias such
that d1, . . . , d6 is not a term in q(. . .) for any H ∈ H(S), any C ∈ H, and any
predicate q(. . .) ∈ C.

An equivalence relation on the universe of an RSILP–ESD system is now
defined.

Definition 3.5. Let S = (E,B,L) be an RSILP–ESD system. An indis-
cernibility relation of S, denoted by R(S), is a relation on E defined as follows:
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∀x, y ∈ E, (x, y) ∈ R(S) iff
(P ` x⇔ P ` y) for any P ∈ P(S) (i.e. iff x and y are inherently indistinguish-
able by any induced logic program P in P(S)).

The following fact follows directly from the definition of R(S).

Fact 1 For any RSILP–ESD system S, R(S) is an equivalence relation.

Definition 3.6. Let S = (E,B,L) be an RSILP–ESD system. An elementary
set of R(S) is an equivalence class of the relation R(S). For each x ∈ E, let
[x]R(S) denote the elementary set of R(S) containing x. Formally,
[x]R(S) = {y ∈ E | (x, y) ∈ R(S)}.
A composed set of R(S) is any finite union of elementary sets of R(S).

Definition 3.7. An RSILP–ESD system S = (E,B,L) is said to be in a rough
setting iff
∃e+ ∈ E+ ∃e− ∈ E− ( (e+, e−) ∈ R(S) ).

It is seen from E, B, and L in the illustration used earlier that R(S) = {
(p(d1), p(d2)), (p(d2), p(d1)), (p(d3), p(d4)), (p(d4), p(d3)), (p(d5), p(d6)), (p(d6), p(d5))
}.

The elementary sets of R(S) are
{p(d1), p(d2)}, {p(d3), p(d4)}, {p(d5), p(d6)}.

The composed sets of R(S) are
{}, {p(d1), p(d2)}, . . . , {p(d1), p(d2), p(d3), p(d4)}, . . . ,
{p(d1), p(d2), p(d3), p(d4), p(d5), p(d6)}.

S is in a rough setting since p(d3) ∈ E+, p(d4) ∈ E− and (p(d3), p(d4)) ∈
R(S).

Other work in Rough Set Inductive Logic Programming include [MK00,
LZ99].

4 Formal definitions of the VPRSILP model

The formal definitions of the VPRSILP model are defined in [MSMI01].
A parameter β, a real number in the range (0.5, 1], is used in the VPRS

model as a threshold in elementary sets that have both positive and negative
examples. This threshold is used to decide if that elementary set can be classified
as positive or negative, depending on the statistical occurrence of positive and
negative examples in it.

Definition 4.1. A Variable Precision RSILP–ESD system (abbreviated as
VPRSILP–ESD system) is a tuple S = (S′, β), where
(i) S′ = (E,B,L) is an RSILP–ESD system, and
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(ii) β is a real number in the range (0.5, 1].
It is also written S = (E,B,L, β) instead of S = (S′, β).

The definitions of hypothesis space, program space, equivalence relation, ele-
mentary sets, composed sets and rough setting defined above for RSILP–ESD
systems hold for the VPRSILP–ESD system.

The following definitions use the VPRS terminology from [ACS+97].

Definition 4.2. The conditional probability P (E+ | [x]R(S)) is defined as

P (E+ | [x]R(S)) = P (E+ ∩[x]R(S))

P ([x]R(S))
= | E+ ∩[x]R(S)) |

| [x]R(S) |

where P (E+ | [x]R(S)) is the probability of occurrence of event E+ condi-
tioned on event [x]R(S).

It is noted that P (E+ | [x]R(S)) = 1 if and only if [x]R(S) ⊆ E+;
P (E+ | [x]R(S)) > 0 if and only if [x]R(S) ∩ E+ 6= ∅;
and P (E+ | [x]R(S)) = 0 if and only if [x]R(S) ∩ E+ = ∅.

Definition 4.3. The β–positive region of S, Posβ(S), is defined as
Posβ(S) =

⋃
P (E+ | [x]R(S)) >= β, for all [x]R(S) in R(S) {[x]R(S)}

The β–negative region of S, Negβ(S), is defined as
Negβ(S) =

⋃
P (E+ | [x]R(S)) < β, for all [x]R(S) in R(S) {[x]R(S)}

Definition 4.4. The β–restricted program space of S, Pβ(S) (also written as
Pβ(E,B,L, β)), is defined as
Pβ(S) = {P ∈ P(S) | P ` x⇒ x ∈ Posβ(S)}.
Any P ∈ Pβ(S) is called a β–restricted program of S.

Our aim is to find a hypothesis H such that P = B ∧H ∈ Pβ(S).

5 The VPRSILP model and application to Pre-
dictive Toxicology

The VPRSILP model has been earlier used to define a string based approach,
and applied to bioinformatics to identify transmembrane domains in amino acid
sequences [MSMI01].

In this section, the cVPRSILP approach based on the VPRSILP model is
outlined. In the cVPRSILP approach, elementary sets are defined using at-
tributes that are based on a finite number of clauses of interest.
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Predictive Toxicology Evaluation

The rodent carcinogenicity tests conducted within the US National Tox-
icology Program by the National Institute of Environmental Health Sciences
(NIEHS). has resulted in a large database of compounds classified as carcino-
gens or otherwise. The Predictive Toxicology Evaluation project of the NIEHS
provided the opportunity to compare carcinogenicity predictions on previously
untested chemicals. This presented a formidable challenge for programs con-
cerned with knowledge discovery. The ILP system Progol [Mug95] has been
used in this Predictive Toxicology Evaluation Challenge [SKMS97b, SKMS97a].

Elementary Sets

In [PS99], two finite, nonempty sets U and A are considered, where U is the
universe of objects, and A is a set of attributes. With every attribute a ∈ A is
associated a set Va of its values, called the domain of a.

The set of attributes A determines a binary relation R on U . R is an
indiscernibility relation, defined as follows: xRy if and only if a(x) = a(y)
for every a ∈ A; where a(x) ∈ Va denotes the value of attribute a for object x.
Obviously R is an equivalence relation. Equivalence classes of the relation R
are referred to as elementary sets.

In cVPRSILP, let A = {A1, . . . , Aimax
} be the set of attributes, with Va =

{true, false} for every a ∈ A. Every Ai ∈ A is associated with the clauses of
interest C ′

i, i = 1, ..., imax, such that Ai = true if the example can be derived
from C ′

i ∧ B, and Ai = false otherwise. In this context, it is seen that these
attributes form an equivalence relation.

Beta positive and beta negative regions

Elementary sets formed from the training examples fall into either the β–
positive or the β–negative region, depending on the value of β.

A test example is decided as being positive or negative, depending on whether
its elementary set is in the β–positive or the β–negative region.

Experimental illustration

An illustrative experiment is performed using the cVPRSILP model. The
dataset used is the Predictive Toxicology Evaluation Challenge dataset found at
http://web.comlab.ox.ac.uk/oucl/research/areas/machlearn/cancer.html.

In this experimental illustration, two predicates has property and atm with
four properties and three atom types are considered. These have been heuris-
tically chosen based on visual inspection of clauses induced by Progol. Further
studies are in progress to arrive at a more systematic choice.

The maximum number of predicates in a clause is taken as 2 and a finite set
of clauses of interest is generated.
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Each of the clauses of interest is treated as an attribute, and every example
is placed in the appropriate elementary set, based on the subset of clauses
which cover that example. Each elementary set falls in the β–positive or the
β–negative region, depending on the chosen value of β. In this illustration, we
use the value of 0.5. An example is predicted positive if its elementary set falls
in the β–positive region, and is predicted negative if the elementary set falls in
the β–negative region.

The following table is obtained when prediction is done on the training set
itself. The overall prediction accuracy is 86%. Further analysis needs to be
done.

Actual Positive Actual Negative
Predicted Positive 142 22 164
Predicted Negative 16 111 127
Unclassified 0 2 2

158 135 293

6 Conclusions

The VPRSILP model combines statistical and relational perspectives. The util-
ity of the model has already been shown in classification experiments in compu-
tational biology and web mining. This paper outlines an experimental illustra-
tion using cVPRSILP, that uses attributes based on clauses of interest. Further
studies are in progress.
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