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Abstract: This paper introduces an algorithm based on equivalence classes for tableau with equality
——CECA, which using the method based on the transformation into digunctions of inequalities and
the calculation of equivalence classes. It restrict equality applications and to avoid the generation of
useless new formulae. It ispossible to restrict search space. In the sametime, to study the effectiveness
of the algorithm, an exampleis made to analyze and compare its performance to Fitting’ s approach and
Jeffrey’s approach. In addition we have implemented the algorithm on a PC workstation using
PROL OG. Theresults show tableau based on equivalence classesis superior to that of other algorithm.
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1 Introduction

One of the main goals of automated deduction is to efficiently handle first-order logic with equality.
Just adding the equality to the data base leads to a huge search space. Very simple theorems cannot be
proven. The only solution isto make the handling of equality part of the inference rules. Then, ill,
equality typically allows alot of different derivations. Methods have to be used for further restricting
the search space. For resolution-based provers such methods — the most important being
paramodulation™! and RUE-resolution'?—have been known since the 1960s and have often been
implemented although the problem of preventing the derivation of redundant information remains to
be solved.

At the same time methods for adding equality to Gentzen-type calculi, such as semantic tableaux
and the connection method, have been developed™. These, have not been used as often. But recently
much more efficient methods have been developed, and over the lagt years there has been a growing
interest in handling equality in semantic tableaux and the connection method!.

In this paper, we adopted the idea to restrict search space by using the method based on the
transformation into digunctions of inequalities and the calculation of equivalence classes. In the same
time, to study the effectiveness of the agorithm, we have implemented the algorithm on a PC
workstation using PROLOG. The results show tableau based on equivalence classesis superior to that
of other agorithm.

2 Analyzeto Tableau with Equality

In first-order logic, the substitution can be obtained in a similar way as those needed to close a
branch: If an equality t=sisto be applied to aformula ¢ [t'], the application of MGU p of t and t'to
the tableau is sufficient to derive (¢ [])". However, the unifier i has to be applied not only the
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formulae involved but to the whole tableau, as shown in Fig 1.
t=s s=t
0[] O[]
(@[ (@ [

pisaMGU of tandt” that isapplied to the whol e tableau.

Fig. 1 Additional expansion rulesfor first-order logic tableau
Theorem 1. A first-order sentence ¢ is an E-tautology if and only if thereisa sequence To, ., T, of
tableaux (n=0) such that
. To consigs of the single node —¢.
. For 1<i<n the tableau T; is constructed from T;_; by
(8 applying one of the tableau expansion rules from tableau expansion rules or one of the
equality expansion rules. or
(b) applying a substitution o that closes a branch B of T;.y, i.e, thereis an inequality —(t=s)e B
such thato isan MGU of t and s or there are formulaep, —ye B such thato isan MGU of ¢ and
V.
. All branch of T,,are marked as being closed.
Proof. Proofs of the theorem can be found in [4].
Example 1. Fig. 2 shows atableau that proves the following set of formulae to be incond stent:
{(V)((9() ~(x)) —(x=a)) (Vx)(9(f(x))=x) b=c P(g(9(a).b) —P(ac)}
(")((9(x) ~f(x)) —(x~a))

(VX)(9(f(x)) =x)

b~c

P(9(9()),b)

—P(ac)

a(f(xa)) =xq

(9(x2) =f(x2)) —(x~a)

—(xz~a) (9(x2) =f(x2)
* P(a(f(),b)
P(a,b)
P(a,c)

Fig.2 Expanded tableau using expansion rules
By applying the standard tableau rules, formula  arederived from , from , and  from
, is derived by applying equdity to (the subgtitution {a/x,} has to be applied), and

formula  isderived by applying to (the substitution {a/x;} hasto be applied),. formula s
derived by applying to .Formulae and closetheright branch. The left branch isclosed by
the inequality  (the substitution {a/x2} has already been applied).The new expansion rules are
symmetrical and their application is completely unrestricted. The leads to an enormous number of
irrelevant formulae that can be added.
3 CECA—an Calculate Equivalence ClassesAlgorithm
3.1 Data Structuresfor Algorithm

Definition 1. Let B isa branch of tableau. Then B is converted into the equdity pair <E(B),P(B)>.



The set E(B) defined as E(B):={t=s. t=sc B} ;

For every pair <p(ty,...,t.), —=p(SL,...,S,)> of atomsthat potentially close B, in P(B) thereisthe
n-place digunction t;#s; ... t,#s, and for every inequality —(t=s) on B, In P(B) there is the
One-place digunction t#s.

In example 1, Let B; denotes the left and B, denotes the right branch of the tableau in Fig.2. The
equality pair contain the problem

{b=c, g(f(x1)) =x1} <E(By)

{b=c, g(f(x1)) =1, 9(x2) =f(x2)} <E(Bo)

{(9(g(@)#a b#c) (x2#a))=P(By).

{g(g(@#a b#c)cP(B2)

In general, CECA can be divided into three steps:

Sep 1. Calculate the equivalent classes: Breadth-first-search can be implemented using set <t>g
that contain all the equivalence classes of aterm t on abranch B associated with different substitutions.

Step 2. Search fair term: The Heuristic H for choosing an element from <t>g to which equalities are
applied has to be fair.

Step 3. Closed tableau: One can check whether a tableau T is closed according to definition of
closed tableau by gradually computing the sets <t>95| ,<t>1BI ,... for every term t occurring in
P(B,),...,P(Bk), where By,...,By are the branches of T.

3.2 Calculate the equivalent classes

For ground version of tableau, we handle tableau with equalities based on transformation into
digunctions of inequalities and calculation of equivalence classes, it can be solved by searching for
equivalence classes. But for free variable version of tableau, one has to take into account that different
substitutions may lead to different equivalence classes. It is important to find a suitable substitution
that allow to refute dl inequalitiesin adigunction simultaneoudly.

Definition 2. <t>g is a set that contain al the equivalence classes of a term t on a branch B
associated with different substitutions. The elements ss of <t>g are terms [abeled with the substitution
which isneeded to derive them from t using equalitiesin E(B).

For example, the application of {a/x1} leadsto an equivalence class of term athat contains g(f(a)),
the element g(f(8)){axy 1Sin <a>g.

<t>g isin general an infinite set, but there is a sequence of approximations (<t>g")o to  <t>g that
can be computed with a determinigtic algorithm.

Definition 3. Suppose s,s are terms and 0,0' are substitutions. s subsumes s if sand s are
unifiable with an MGU 1 such that s='s and both & and 1 are more general than &'.

For example, f(X){ay; SUbsUMES f(8){axayt; gy SUBSUMES & pyxpy; ON the other hand, agryyx does
not subsuMe &y -

Algorithm description 1. (Sequence of Sets<t>7)

Thesats<t>7 areinductively calculate as follows:

1. <t>p ={tig}

2. 0, s: all thedlementsfrom <t>7 andin addition thetermsr, that can be derived in one step



from ss= H(<t> ), wherer; can be derived in one step from ss as follows:}
T isan MGU of a subterm of sand side of equality G E(B).
r can be derived from s' by application of G'.
ois more general than.

n+1

3.<t>g" =(<t> g O\ s: dements are subsumed by another element inG,}.

Example 2. Table 1 shows the computation of <a>g (n=0,1,2) using the set of equalities
EB)={g(f(x)=x1 9g(x2)=f(x2))-
Table Computation of <a> (n=0,1,2)
n <a> g H(<e> ) O,
0 ad ad

Ad

9(f(@))axy

Ad

9(f(@))axyy
Aaix1)
9(f(a(f(@)))gaxyy

9(9(@))axa.axe)
f(f(@)anas@xa

ag 9(f(@))gaxty
9(f(@))gaxy

Ad

9(f(@))axyy
Aaix1)
9(f(a(f@N)axy
9(9(@)axLaxz)
f(f(a)) alxLf(a)/x2}

3.3 Search fair term

The Heuristic H for choosing an element from <t>g to which equalities are applied hasto be fair in
the following sense:
Definition 4(Fair Heuristic) A heuristic H is fair if for each term t, each n>0, and each element
s,e<t>y thereisan m>0 such that H(<t>§ ) subsumess,.
For our implementation we used the following heuristic for choosing the next element from <t> g
to which equalities are applied:
Algorithm description 2. (Implemented Heuristic) The criteria for selection, ordered by their
importance, are as follows:
1. Elements that have been chosen before are not considered again.
2. The term weight W(s) and the distance D(s)=W(S)-W(s) to the weight of the term s from which
s has been derived. Terms sare preferred that
have a positive weight distance D(s),
have alower weight W(s),
have a higher weight distance D(s).
3. The number of steps necessary to derive a term. Terms that can be derived in fewer steps are
preferred.
Theorem 2. Theheuristic H that is chosen an element from <t>g by Algorithm 1 isfair.

Proof. Let any element s, <t>3 . For al m2n, there must exist S <t>§ ,and S'4»s;. By



agorithm 1, the dements of <t>3** isderived from <t> 3***1 . So<t>3***! containsal elements of
<t>B*K Thenfor dl sy <t>F there must exist W(S)SW(S) So D(s)= W(S)-W(s) is a positive
distance.
Suppose s, has been chosen when m<n. Then it mugt be chosen in <t>g*™ when m=0. It must
have a lower weight W(s). Because every term can be chosen only one, this case isimpossible.
3.4 Closed tableau
Algorithm description 3. (Closed Tableau): One can check whether a tableau T is closed
according to definition of closed tableau by gradually computing the sets <t>95| ,<t>1BI ,... for every
term t occurring in P(B,),...,P(By), where By, ...,By arethe branches of T.
1. For each branch Bi(1<isk): Dj =(tjp #sjpv---viin #sin )€ P(B;)
2. For 1sjsn;: r;‘;i e (t; 'B' and [Zii € <S,j>lg‘l where r' and ' are unifiable with an
MGU p;
3. Thereisagrounding substitution ¢ such that all of the substitutions p; p; pj(1<isk 1<j<n) are
more general than c.
Lemma 1. If for somen20thereisan elements, <t>3 , and ¢ ismore general than the grounding
substitutionT, then the equivalence class of t that is associated with T containstheterm s'.

Proof. By induction onn.

For n=0 thereis s, <t>g={tig} with s'=t* [t*], By definition 2, there must exist (s'), <t>g. The
Lemma1l holds.

Suppose for n=k Lemma 1 holds. For 5, <t>gands, ©, wedivideinto two cases.

Fors, <t>g (S, <t>g canbederived directly.

For s, ©pthereisandementsy <t>p that can be derived by some s; step by step. Term s can be
derived in one step from s and equality G E(B) by a certain heuristic H. And there must be exist
T7>06 Sincesy <t>gandrtisasubdtitution, it must beexist (s7), <t>g and s [t]..

Since thereisa substitution ¢ that is more general than 6, and s' is be derived in one step from ™
and equality G E(B) by acertain heuristic H, s'isin [t]. . By definition 2, theremust exist (s7), <t>g.
The Lemma 1 holds.

Lemma2. If r, <t>g, then for somen=0thereisan eementr’y: <t>§ andro» rs.

Proof. If ry <t>g, by definition 7, there must be existr [t 6.

Form>0 fromto r can bederivedfromu® ... u™by equalitiessequenceof E; ... EninE(B).

t°= UO & Ul B o . _EM  yM=r =tig

By induction on 0<k<m.

- ; - 0_ 0
For k=0 thereis onlyanelementrgo =tig <t>g thalt subsumes u ; =(tc),, rgo »Ug
Suppose k=n for 1,20 thereis an element r K <t>B',< andrK »u'(‘,
Oy Oy
For k=n+1 there must be exist r’ '(‘S,k »r '(‘Sk by a heuristic H. Also there must be exist
H(<t> 'Bk+1_1 = r K wr K »u'é There is a subdtitution ¢ such that r"(‘, rko=
Ok Ok



ue=uf _Ea , U Where "> o holds. By Algorithm 1, there is 6”1 > 6 such that u'(‘jfkrll O

holds.

<t> |é+l u kj’l »U l((5+1

For m=k, there is
Ok+1

k+1 ,and
1

At the same theory, there is an element -y

| ,
<t>g =<t>d" .andr’g»ug =g

4

s .M
Fo=rg

Theorem 3. Suppose T isatableau with root formula ¢.

Soundness: If T is closed according to Algorithm 3 then ¢ is not satisfiable in a normal modd.

Completeness: If ¢ is not satisfiable in a normal model and if the limit g for y-rule applications is
sufficiently high, T is closed according to Algorithm 3.

Proof. Soundness.

Suppose a grounding substitution tis more general than ¢. By definition 11, all substitution of T are
includedin p; p; pyisiskisjsn . Thenfor any lsiskisjsn, 1) e (t;)y  and [g” e (s)u
By lemma 1, thereis (r't). <tj>g and (r'1). <s;>g . Wherer' andr" are unifiable with an MGU
pi- So r't 1Y holds, i.e. there are common elements between <t;>g and <s;>g, . By theorem 1,
formula ¢ isnot satisfiable in anorma model.

Completeness.

If formula ¢ is not satisfiable in a normal model. And if the limit q for y-rule applications is
sufficiently high. Then there must be exist a grounding substitution G, for each branch B thereis a
digunction ti#s; ... t#s, P(B) such that forl<isn [t°]g=[s°]z and 1<i<kl<j<n thereis an
dement rd <tpg N<s; > By lemma2, o, <tij>'|§i and 1y <SJ.>!E;Ji Ty »rg and Lo, ”
rd holds.

At sametime, thereare substitution pand v such that r'u=r’v,where p v p; p; pi(l<isk 1sj<n) are
more general than 6. Sincer’® r'° holdsand r! and r’ are unifiable with an MGU p; Tisclosedi.e.
4 Example and Assay to Algorithm

In this section we are going through an example in detail which shows how the method works and
which also demonstrates most of its advantages.

Example 3. Fig. 3 shows a tableau that proves the following formulae to be tautology.

(v)lg(f(x))=c (f(x)=g(x) —(x=a))]—g(g(@)=g(f(b)).
—((Y[g(fe))=c (fx)=g(x) —(x=a)]—g(g@)=g(f(h))

("9lg(fC)=c (F()=g(x) —(x~a))] v

—(9(9(a)=g(f(0)))

9(f))=c (f(x)=g(x) —(x~a)) v

9(f(x))=c

f)=g(x) —(x=a) v
f(x)~g(x) —(x~a)

*

Fig.3 Expanded tableau after first stage
The first stage of tableau expansion yields the tableau shown in Fig.2. By applying the standard



tableau rules, formula and  are derived from , from ,and and from , and
from . Theright branch is close The expansion using logical rules is finished, but the tableau
cannot be closed by theinequality . (the substitution {a/x} has already been applied).

The formulae marked with an asterisk are no longer present on the tableau. After the firgt stage of
tableau, the expangion using logical rulesisfinished, but the tableau cannot be closed. Let usthe letter
B to the open branch. Then B is converted into the following data structure:

E(B)={ g(f())=c.f(x)=g(x)}  PB)={ g(a(@)#9(f(b))}

In the second stage of tableau expansion, the algorithm tries to find unifiable eements in the sets

<g(g(@)> g and < g(f(b))> § .

g(f(x))=c Jb/ E®) a(f(x))=c
f(x)=a(x) ) f()=g(x)
9(9(a)) o(f(b)) \ 9(9(a)) g(f(b))
f(9(@){g@m
P(B) 9(f(@))axy
thefirs step the second step
g(f(x))=c g(f(x))=c
f(x)=a(x) f(x)=a(x)
—>
a(9(a) g(f(b)) a(a(a) a(f(b)
f(9(@){g@m HUEIRBN f(9(@)(g@m f(F(b)) gty
g(f(@));ax 9(9(0)) by 9(f(@)any 9(9(0)) by
Claxy Cid
the third step the fourth step

Fig. 5 Second stage of tableau expansion
In figure 3, set P(B) is separated two parts in the first step. In the second step by equation  the
terms f(g(a)) and g(f(a)) are derived from g(g(a)), the required substitutionsis {g(a)/x} and {a/x}. In
the third step by equation  the terms f(f(a)) and g(g(b)) are derived from <g(f(b))>lB , the required
substitutions is {f(b)/x} and {b/x}, the term c is derived from g(f(b))using equation . In the fourth
step by equation  the terms c is derived from g(f(a)). Now the digunction g(g(a))#g(f(b)) and thus
branch B can be closed using the compatible elements ¢y <g(9(a))>5 ca < g(f(b))>% , then the

tableau is closed.

In the example 3, if the same formula was to be proven to be a tautology using Fitting's method,
first of al, the y-limit g would have to be raised and more branches would have to be closed in the
subtree for T ¢. In addition, more equality applications would be necessary to be prove the inequdity
0(g(a))#g(f(b)) to be unsatisfiable. If the same heuristic was used to select the terms and equalities that
we used for our implementation, the about 15 equality applications would be needed. Several times
free variable substitutions would be applied that prevent the branch from being closed resulting in
backtracking.



5 Implementation

To study the effectiveness of the agorithm, we have implemented the algorithm on a PC
workstation using PROLOG. It is crucia to use most general substitutions to build uo equivaence
classes leads to a search tree for side of an inequality. In the implementation, we have used
breadth-first-search , i.e. al branches are searched simultaneoudly. Breadth-first-search is much more
powerful, because any heuristic can be used to push ahead the search in some of the branches more
quickly than in others. Since breach-first-search cannot be based on PROLOG's backtracking, it is,
however, dightly more difficult to implement in PROLOG In general, It will take |ess than a second to
solve a tableau with equality. For example 1, procedure of implementation is as follows:

Esginning asarch for cloaurs with equalitr of branch bl
Equalitisa sxtract =d from branch:

1! [1 b=z

a [1 2=hb

% [x11 aifixlii ==l

4+ [x11 =1 = ¢iEixldd

Tiajunctions sxtracted from bran che

(11} giaiall = a

1l b = &2

{1,210 {01601

Lerokiolicll

{1,1.1,00: (03] aigialicl

{llraiicliall

Rlla = xt doasd br [[xA = all

{alroiioliall

(21,100 i01ix2l ]

Branch cloasd by ons of 1ts Insgqualitizs with [x2 = al
Esginning asarch for cloaurs with squalitr of branch ba
Equalitiss sxtract=d from branch:

1:

-

[x11 ifixlii==1

f: [x11 =1 = ezl

najunctlons sxtracted from bran che

{113 glaiall = a

1l b = &

(1,210 i01ib0[1]

{Learoi{olicll

{1,1,1,00: (0,5 qrigrialic 1

{1Llroaiioliall

{1,1.1,00: {05 aierfald 8-> {11,113 {0, 58 aifiali [ 1
(112,00 (0,5 qrigrial) 6= > {1, 1.1,25 {— 22} erifiqrigiaiii ]
(11100 (051 qigiall =é=> ({1, 1.1.5i {—2,2) erigrifigriaiii [ ]
(11200 (08)arioral) —6- > (1,11 .4k: (- 2,20 erarienElalii ]
181,00 (01)b-1—>{1,211}:{01}al]

(Lal0l: 0l b-a—={1 818k (—R3)qEibiic]

Inzq. (1.8 eloasd bre=al ]

1l rokiclia-é—>i{1l1lrli:i-asiqfialircl

Imed. (1,17 eloasd broifiall = giffaliL ]

Lnai. {1} cloasd with[ 1

———————————— PROOF-————=—==—==—==~—
Bran ch Bacltrading Tims —-1limit
1) o 0.425a 1

6 Conclusion

In this paper, based on adding new tableau expansion rules, anew tableau algorithm with equality,
called ‘two separate tableau’, is proposed. In this agorithm, we adopted the idea of separating the
tableau expansion into two stages. In the first stage the sandard rules are applied until the tableau is
exhausted. Thus, in the second stage, it is possible to restrict equality applications and to avoid the
generation of useless new formulae. It ispossible to restrict search space by using the method based on
the transformation into digunctions of inequalities and the calculation of equivalence classes. In the



implemention, it can be improved for efficiency raised in thefollow two: Firstly, we can improved the
algorithm of heurigtic in order to raise the speech of calculation of equivalence classes; Secondly, we
can store the result of calculation of equivalence classes by the structure of tree which has a lot of
peculiarities that can be used to improve efficiency.
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