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Abstract

A great deal of recent research has focused on the chal-
lenging task of selecting differentially expressed genes from
microarray data (‘gene selection’). Numerous gene selec-
tion algorithms have been proposed in the literature, but it
is often unclear exactly how these algorithms respond to
conditions like small sample-sizes or differing variances.
Choosing an appropriate algorithm can therefore be diffi-
cult in many cases. In this paper we propose a theoretical
analysis of gene selection, in which the probability of suc-
cessfully selecting relevant genes, using a given gene rank-
ing function, is explicitly calculated in terms of population
parameters. The theory developed is applicable to any rank-
ing function which has a known sampling distribution, or
one which can be approximated analytically. In contrast to
empirical methods, the analysis can easily be used to exam-
ine the behaviour of gene selection algorithms under a wide
variety of conditions, even when the numbers of genes in-
volved runs into the tens of thousands. The utility of our ap-
proach is illustrated by comparing three well-known gene
ranking functions.

1. Introduction

The advent of microarray technology [14, 19] has meant
that transcriptional responses to changes in cellular state can
now be quantified for thousands of genes in a single exper-
iment. Microarrays thus offer a window into transcriptional
mechanisms underlying major events in health and disease.
In recent years, an enormous amount of work has been done
in this area of molecular biology, addressing questions relat-
ing to both normal cell function [6, 13] and disease [11, 12].

Perhaps the most common type of analysis involves com-
paring expression levels between tissues in two or more
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conditions of interest, such as wild-type and mutant, or
healthy and diseased. Genes relevant to the biological phe-
nomenon under investigation are expected to be up- or
down-regulated between conditions; one of the most im-
portant tasks in microarray data analysis is therefore select-
ing genes which are differentially expressed in this way. Al-
though differential microarray experiments do not generally
lead to a definitive understanding, they play a vital role in
narrowing the field for further work. In effect, microarray
studies provide geneticists with a short-list of genes worth
investing hard-won funds into investigating.

However, the massive dimensionality and relatively
small number of datapoints1 in microarray datasets, cou-
pled with the variability inherent in both experimental
process and underlying biology, make their analysis a par-
ticularly challenging task. With typically many thousands
of genes to choose from and perhaps a few dozen to be se-
lected, looking for differentially expressed genes can be a
little like looking for a needle in the proverbial haystack.

A large variety of algorithms, including conventional and
non-parametric hypothesis tests, as well as Bayesian and
information-theoretic methods [1, 2, 3, 17, 20, 22, 23] have
been applied to microarray data. Yet it is often unclear how
a particular algorithm will respond to specific statistical
properties of the data. For example, in recent months there
has been some discussion in the bioinformatics community
regarding the suitability of the t-test when variances dif-
fer across genes in a systematic manner. This issue, which
we will call the ‘t-test variance issue’, is distinct from the
Behrens-Fisher problem [8] of variances differing across
classes. If relevant genes have higher variances than irrel-
evant ones, should the t-test be abandoned in favour of a
different analysis, or does the t-statistic implicitly deal with
the issue anyway? Questions such as this have serious im-

1 We use datapoint/sample and dimension/variable in the following
way: each gene is a dimension or variable of the data; each array or
chip is an datapoint or sample. By sample-size we therefore mean the
number of arrays.
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plications for users of gene selection algorithms, yet can be
difficult to resolve. Empirical studies can help, but as we
shall see, the sheer number of genes involved makes it vir-
tually impossible to get a full picture of algorithm perfor-
mance by simulation alone.

This paper presents a theoretical study of gene selection
in which the probability of selecting genes correctly, using
a given algorithm, is derived from population parameters2,
sample-sizes and the number of genes under consideration.
We address three key questions:

1. Selection accuracy: How can the probability of suc-
cessfully selecting relevant genes be calculated?

2. Multiplicity: How can the effects of comparing thou-
sands of genes at once be accounted for?

3. Algorithm comparison: How can such probabilities
be used to compare gene selection algorithms?

But does it really help to calculate gene selection ac-
curacy in terms of population parameters which are never
known in practice? We will argue that it helps a great deal,
in terms of obtaining a clear picture of how well a given
method is likely to do under various conditions. Knowing
that the performance of a particular algorithm breaks down
at small sample-sizes, or when variances differ widely,
makes it possible to make an informed choice of method,
in accordance with prior knowledge about a specific exper-
imental set-up.

Our initial analysis is a simple two-gene scenario: given
data from two genes, only one of which is differentially ex-
pressed, how likely is a given algorithm to select the right
gene? We then extend the analysis to the multi-gene case.
An illustrative set of results is presented which examines
the performance of three well-known gene selection meth-
ods under various conditions. We discuss our approach,
highlighting connections to, and differences from, existing
research, and finally look at some possibilities for future
work.

We begin by briefly describing gene selection. Consider
microarray slides (or chips) belonging to two classes, say,
healthy and diseased. Data D for a particular gene consist
of m expression levels in one class, and n in the other:

D = [X1X2 . . . Xm Y1Y2 . . . Yn] (1)

Xi are independent and identically distributed random
variables with true (but unknown) mean µX ; Yj are also in-
dependent and identically distributed with true mean µY .

2 By ‘population parameters’, we mean the true values of the parame-
ters required to specify the statistical model for the data.
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Figure 1. The relationship between the prob-
ability P (|T1| > |u|) and the cumulative distri-
bution function φ1. The null case is similar.

If the true class means are distinct, the gene is said to be
differentially expressed. In the language of hypothesis test-
ing, the null and alternative hypotheses (H0 andH1 respec-
tively) are:

H0 → µX = µY

H1 → µX �= µY

Gene selection algorithms rank genes according to some
function of the data (the ‘ranking function’), and then se-
lect a set of genes by applying a threshold to the values ob-
tained, or by choosing a user-specified number of genes.

2. Theory

In this Section we derive probabilities of success in gene
selection. Although the material presented below is nec-
essarily somewhat technical, the question being addressed
could not be more straightforward: we simply wish to cal-
culate the probability of success using a given gene rank-
ing function, in terms of population parameters, sample-size
and numbers of genes involved. In other words we wish to
understand exactly how well a given ranking function is ex-
pected to do under specified conditions. The reader less in-
terested in the statistical analysis itself may wish to move
directly to the results in Section 3.

2.1. Binary gene selection

Let us start by comparing just two genes, one of which
is differentially expressed (the ‘alternative gene’) and the
other not (the ‘null gene’). The question we wish to ask is
this: given a model, population parameters and sample-size,
what is the probability of correctly selecting the differen-
tially expressed gene, using a given ranking function?

We assume that data is drawn according to some model,
with parameters θ1 for the alternative gene, and θ0 for the
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Figure 2. Binary Selection Accuracy. The left panel shows the true probability of obtaining a cor-
rect decision when comparing two genes (‘Binary Selection Accuracy’ or BSA) plotted against total
sample-size, for two different ranking functions. The right panel shows BSA plotted against the ra-
tio of the variance of the differentially expressed gene to the variance of the ‘null’ gene.

null gene (we will adopt the convention that subscript ‘1’
refers to the alternative gene and ‘0’ to the null gene). For
example, the model might be Normal, in which case each
parameter vector would contain class means and variances.
Data for each gene is then a collection of random variables
drawn under either the null or alternative models, denoted
byD0 orD1 respectively. The ranking function r maps data
for the null and alternative genes to ranking scores T0 and
T1 respectively:

T0 = r(D0) ; T1 = r(D1)

A selection decision is made in this two-gene case by
simply comparing the two scores. Assuming that higher ab-
solute ranking scores correspond to a greater chance of dif-
ferential expression, the probability of choosing the correct
gene is simply:

P (|T0| < |T1|) (2)

We call the probability given by Equation 2 ‘Binary Se-
lection Accuracy’ or BSA. Considering absolute values has
the advantage of making the analysis directly applicable to
common ranking functions like the t-statistic, Fisher ratio
and difference of means; however, the relevant Equations
can be easily modified for the signed case.

Note that ranking scores T0 and T1 are functions of ran-
dom data and are themselves random variables; let their
sampling distributions3 be p0 and p1 respectively, and the

3 The sampling distribution of a function of random variables (i.e. a
statistic) is simply the distribution of the statistic. In this context, the
sampling distribution of the ranking function r can be thought of as
the distribution of values that would emerge from repeatedly comput-
ing ranking scores from data sampled under the model, with popula-
tion parameters and sample-sizes remaining fixed.

corresponding cumulative distribution functions be φ0 and
φ1. Then the probability of success given in Equation 2 can
be expressed as:

P (|T0| < |T1|)
=

∫ ∞

−∞
P (|T1| > |u|)p0(u)du

=
∫ ∞

−∞
(1 − φ1(|u|) + φ1(−|u|))p0(u)du

= 〈1 − φ1(|u|) + φ1(−|u|)〉p0 (3)

Where 〈·〉p0 denotes expectation under the density p0.
Expressing P (|T1| > |u|) in terms of the cumulative dis-
tribution function φ1 is quite straightforward, and is illus-
trated in Figure 1.

Although the expectation in Equation 3 will not in gen-
eral be analytic, it can be calculated easily, by sampling
from p0. The densities p0 and p1 thus play the role of con-
necting the probability of a correct decision to population
parameters and sample-sizes. This becomes clear if we ex-
plicitly rewrite the probability in Equation 2 as a function
of population parameters and sample-size:

P (|T0| < |T1|)
= f(θ0,θ1,m, n)

= 1 −
∫ ∞

−∞

[∫ |u|

−∞
p(T1 = v|θ1,m, n)dv

−
∫ −|u|

−∞
p(T1 = w|θ1,m, n)dw

]
p(T0 = u|θ0,m, n)du (4)

Binary Selection Accuracy is thus derived directly from
the sampling distributions p0 and p1, and can be regarded
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Selected Not selected Total
Alternative genes s1 g1 − s1 g1
Null genes s0 g0 − s0 g0
(Total) s g − s g

Table 1. Summary table for multiple gene se-
lection, following [4].

as a true measure of the general ability of the ranking func-
tion to distinguish pairs of relevant and irrelevant genes, on
the basis of data drawn under the model. Interestingly, it
turns out that BSA is numerically equivalent to the area un-
der a true ROC curve. ROC curves are plots of true posi-
tive against false positive rates across a range of thresholds,
and are widely used in the analysis of classifiers. By ‘true
ROC curve’ we mean a curve derived directly from the sam-
pling distributions of the ranking function. Please see Ap-
pendix A for details and a short proof.

Figure 2 shows illustrative results, using Binary Selec-
tion Accuracy to compare the t-statistic and difference of
means methods, under conditions detailed in Section 3.1.
Of particular interest is the right panel, which shows that,
at least as far as binary selection is concerned, higher vari-
ances for the differentially expressed gene really do handi-
cap the t-test. Full results, using the multiple gene analysis
developed below, are presented in Section 3.2.

2.2. Multiple gene selection

Consider a more general scenario with a total of g genes,
of which g1 are truly differentially expressed (alternative
or relevant genes) and g0 are not (null or irrelevant genes).
Table 1 summarizes the relationships between the various
groups of genes involved. The question we wish to ask is
this: given population parameters, sample-sizes and num-
bers of relevant and irrelevant genes, what is the proba-
bility that one of the relevant genes is ranked in the top s
places under the ranking function? Also, what is the distri-
bution over the number of relevant genes returned among
the s genes selected?

Note that we do not impose an a priori threshold on rank-
ing scores, but rather treat the number of genes to be se-
lected as a constant. This number tends to depend on fac-
tors like the scale of the experiment, follow-up plans and so
on [15] and can reasonably be regarded as part of the exper-
imental set-up, in much the same way as the total number of
genes under study, or sample-size. In contrast, score thresh-
olds, while statistically convenient, have no clear interpreta-
tion in the context of the experiment. A geneticist will gen-
erally have an a priori notion of the number of genes she
wants to select, but will not care about the actual scores, be-

yond their rank order. It therefore makes sense to centre the
analysis of multiple gene selection around number of genes
selected, rather than threshold.

Formulating the problem: For simplicity, we assume that
data for the alternative genes are identically distributed, so
that their ranking scores are also identically distributed ac-
cording to the density p1. Similarly, the ranking scores of
the null genes are taken to be distributed according to p0.

One of the g1 relevant genes will appear in the top s
places provided its ranking score equals or exceeds the sth

highest score under the ranking. However, computing the
probability of this event involves the distribution of the
sth highest score, which is a somewhat complicated order
statistic. Happily, the problem can be reformulated in terms
of a threshold, and thence solved relatively easily.

If we think of imposing a threshold τ on the ranking
scores, such that genes having scores exceeding τ are se-
lected as differentially expressed, there will in general be a
probabilistic relationship between the threshold and num-
ber of genes selected. Now, at a given threshold τ , the prob-
ability of a relevant gene being selected by the algorithm is
simply the true positive rate at τ , denoted by β(τ). Then,
the probability of a relevant gene being selected among the
top s genes is simply the expectation of the true positive
rate β(τ), under the conditional density p(τ |s). We call this
probability ‘Multiple Selection Accuracy’ or MSA:

MSA =
∫ ∞

0

β(τ)p(τ |s) dτ

= 〈β(τ)〉p(τ |s) (5)

Readers familiar with multiple hypothesis testing may
find it useful to think of MSA as a kind of exact True Dis-
covery Rate, but with a specified number of genes being se-
lected (and a consequently variable threshold).

The conditional p(τ |s): But what is the conditional dis-
tribution of threshold τ given s, and how can the expecta-
tion in Equation 5 be computed in terms of the sampling
distributions and numbers of genes? We suggest the follow-
ing unnormalized density function as an approximation to
p(τ |s) (the full derivation is presented in Appendix B):

p(τ |s) ∝ 1√
2π v(τ)

e−[s−m(τ)]2/[2v(τ)] (6)

Where, m(τ) and v(τ) are functions of threshold τ and
are given by:

m(τ) = g1β(τ) + g0α(τ) (7)
v(τ) = g1β(τ)(1 − β(τ))

+ g0α(τ)(1 − α(τ)) (8)
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Figure 3. Theoretical and simulated Multiple Selection Accuracies. The left panel shows empirically
and theoretically calculated values for the probability of correctly selecting a relevant gene (‘Multiple
Selection Accuracy’ or MSA) using a t-statistic, plotted against the extent of differential expression
(i.e. |µX −µY |), at three levels of variance. The panel on the right shows MSA plotted against sample-
size. The total number of genes is 1025, with 25 being truly differentially expressed. The number of
genes selected is 50.

The true and false positive rates β(τ) and α(τ) can be
written in terms of φ0 and φ1 as follows:

β(τ) = 1 − φ1(τ) + φ1(−τ) (9)
α(τ) = 1 − φ0(τ) + φ0(−τ) (10)

If the ranking function r is a valid test statistic, β(τ) is
the power, and α(τ) the P-value, at threshold τ .

Taken together, Equations 5 through 10 give Multiple Se-
lection Accuracy in terms of p0, p1, φ0, φ1, g0, g1, and s.
Now, for a given ranking function, the sampling distribu-
tions p0 and p1 and their corresponding cdfs depend only
on population parameters θ0 and θ1 and sample-sizes m
and n. We have thus expressed MSA in the desired form.
We compute MSA by sampling from the density in Equa-
tion 6 and then computing the expectation 〈β(τ)〉p(τ |s).

The distribution over the number of relevant genes dis-
covered is Binomial, with the number of Bernoulli trials be-
ing the smaller of s and g1, and the probability parameter
being MSA× max(g1/s, 1):

s1 ∼ B
(
MSA× max

(g1
s
, 1

)
,min(s, g1)

)
(11)

To see why this is the case, note that the greatest number
of relevant genes we can possibly select is either g1 (if s ex-
ceeds g1) or s (otherwise). The probability parameter then
follows from the definition of MSA.

Figure 3 shows comparisons of theoretically calculated
MSA and brute-force simulation: the approximation used
here is clearly very accurate indeed.

3. Experiments

In this Section we present the results of a case study,
comparing three widely used gene ranking functions under
various conditions.

3.1. Preliminaries

Model and population parameters: We assume a Nor-
mal model for (log-transformed) expression data, but em-
phasize that the framework developed in the previous Sec-
tion is quite general, and allows selection accuracy to be
calculated under any model.

The multiple selection analysis already assumed that all
the relevant genes had identically distributed expression
levels, as also all the irrelevant genes. Thus, the population
parameters are as follows:

- Means: Class means for the irrelevant or null genes are
by definition identical, and for the analysis of the al-
gorithms we have chosen, need not be considered fur-
ther. We therefore only explicitly refer to class means
for the relevant genes, as µX and µY respectively. Un-
less otherwise mentioned the extent of differential ex-
pression (i.e. |µX − µY |) is set to 2.

- Variances: We assume that class variances are identi-
cal for either relevant or irrelevant genes, but may dif-
fer between them. The population variance for relevant
genes is denoted by σ2

1 , and for irrelevant genes by σ2
0 .

Unless otherwise noted, both values are set to 10.

- Sample-size: As before, the number of samples in each
class is m (for the ‘X’ data) and n (for the ‘Y ’ data).
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Figure 4. Multiple Selection Accuracies against extent of differential expression. The left panel shows
Multiple Selection Accuracies (MSA) for three ranking functions, plotted against the extent of differ-
ential expression (i.e. |µX − µY |), at two levels of variance. The right panel shows full distributions
over the number of relevant genes selected, at three different levels of differential expression. It is
assumed that variances for relevant and irrelevant genes are identical (both denoted by σ2). The to-
tal number of genes is 6000, with 50 being truly differentially expressed; the number of genes se-
lected is 100.

Unless otherwise mentioned, we assume m = n and
that total sample-size is 40.

- Number of genes: We assume a total of 6000 genes, of
which 50 are truly differentially expressed. The num-
ber of genes selected is 100.

The parameter set-up can be chosen in accordance with
the specific questions being addressed. For example, in this
case, the variances are set-up to look into the ‘t-test vari-
ance issue’ mentioned previously.

Ranking functions: The three ranking functions analyzed
here are briefly reviewed below:

i) t-statistic: The t-test is a canonical two-sample hypoth-
esis test and has been widely used in the differential analy-
sis of microarray data. The ranking statistic for a particular
gene is given by:

r(D) =
X̄ − Ȳ(

1
m + 1

n

) 1
2 ŜD

(12)

Where, X̄ and Ȳ represent sample means of data in each
of the two classes, and ŜD the pooled sample standard de-
viation.

The null sampling distribution p0 is a t-distribution, with
(m+n−2) degrees of freedom. The alternative distribution
p1 is a non-central t-distribution, with (m+ n− 2) degrees
of freedom and non-centrality parameter ψ :

ψ =
µX − µY

σ1

(
1
m + 1

n

) 1
2

(13)

ii) Difference of means: The ranking function is simply
the difference between sample means:

r(D) = X̄ − Ȳ (14)

This function can be regarded as a log-space fold analy-
sis [2]. Both p0 and p1 are Normal densities:

p0 = N(0, σ2
0/m+ σ2

0/n) (15)
p1 = N(µX − µY , σ

2
1/m+ σ2

1/n) (16)

iii) SAM statistic: The SAM statistic [23] is given by:

r(D) =
X̄ − Ȳ(

1
m + 1

n

) 1
2

(
ŜD +K

) (17)

Where, ŜD is the pooled standard deviation and K a
regularizing term. The value of K is determined from the
entire dataset and is thus constant across genes, but data-
dependent nonetheless. Thus, from the point of view of de-
riving a sampling distribution, K is a (somewhat compli-
cated) random variable. The sampling distribution of the
SAM statistic can be approximated as a ratio of Normals
[16]; we make use of that approximation here, and refer the
interested reader to the reference.

3.2. Results

Results for the three algorithms under consideration are
presented below, with Multiple Selection Accuracies plot-
ted against parameters of interest. Also shown are full dis-
tributions over the number of truly differentially expressed
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Figure 5. Unequal variances. The leftmost panel shows Multiple Selection Accuracies, plotted
against the ratio of variances of relevant and irrelevant genes (i.e. σ2

1/σ
2
0), at three levels of differen-

tial expression. The centre panel shows full distributions over the number of relevant genes selected,
when the relevant genes’ variance is lower than that of the irrelevant ones (σ2

0 = 2σ2
1); the rightmost

panel shows corresponding distributions when the relevant genes’ variance is higher (σ2
1 = 2σ2

0).

genes discovered. Note that these results do not themselves
require significance testing, as the probabilities calculated
are exact.

I. How does the extent of differential expression affect
selection accuracy? The left panel of Figure 4 shows Mul-
tiple Selection Accuracy (MSA) for all three algorithms,
as a function of the extent of differential expression. The
right panel shows distributions over the number of relevant
genes selected. Perhaps surprisingly, the simple difference
of means method does slightly better than the t-test, with
the effect accentuated at higher levels of differential expres-
sion. SAM performs almost exactly as well as difference of
means.

II. How do the algorithms respond to unequal vari-
ances between relevant and irrelevant genes? Figure 5
shows selection accuracy as a function of the ratio of vari-
ances between relevant and irrelevant genes (i.e. σ2

1/σ
2
0),

as well as distributions over the number of truly differen-
tially expressed genes discovered. When the variance of rel-
evant genes is lower than that of the others, the t-statistic
does better than difference of means; but when the situ-
ation is reversed, difference of means clearly outperforms
the t-statistic. SAM sits between these two extremes. The t-
statistic clearly does not automatically take account of this
heterogeneity in variances across genes, even though the fa-
miliar assumptions of normality and identical variances in
both classes hold for each gene. These results clearly re-
solve the ‘t-test variance issue’, and verify the binary se-
lection results presented earlier. The curves also illustrate a
major strength of the SAM statistic: it does relatively well

across the whole range of relative variances. This makes
SAM an excellent choice when little is known about the dis-
tribution of variances between relevant and irrelevant genes.

III. How successfully can the algorithms cope with small
sample-sizes? The left panel of Figure 6 shows selection
accuracy as a function of total sample-size. The right panel
shows distributions over the number of relevant genes se-
lected. Difference of means and SAM do noticeably bet-
ter than the t-test, especially at small sample-sizes. Previ-
ous work [7] has drawn attention to the low power of the
t-test at small sample sizes - our results clearly quantify the
impact of this effect in the multiple gene context.

4. Related work

The central problem in applying classical hypothesis
tests to microarray data is the issue of multiple comparisons.
Hypothesis tests were developed, for the most part, with the
aim of making inferences about a single variable, rather than
comparing thousands of variables against each other. From
the outset, when we considered binary selection, our analy-
sis has therefore explicitly dealt with the fact that gene se-
lection involves the comparison of ranking scores.

Statistical power analysis can be thought of as relating
the probability of false negatives (or Type II error) in a hy-
pothesis test, to population parameters. The analysis pre-
sented here deals explicitly with the issue of comparisons,
leading to a definition of Binary Selection Accuracy, for ex-
ample, that is effectively an integral over the power func-
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Figure 6. Sample-size. The left panel shows Multiple Selection Accuracies plotted against sample-
size, at two levels of variance. The right panel shows full distributions over the number of relevant
genes selected, for three sample-sizes. The number of datapoints in each class is taken to be equal,
i.e. m = n.

tion4. This already makes our approach quite distinct from
power analysis, even at the level of binary selection. Our
treatment of errors and approach to algorithm comparison
is quite different too. Classical testing theory first fixes an
acceptable level of Type I error (via the P-value) and then
seeks to maximize power. In contrast, starting out with a
definition of selection accuracy which was motivated by the
way in which gene selection algorithms are actually used,
we found that the balance between the two types of error
emerged naturally and did not need to be explicitly speci-
fied.

An aspect of the multiple comparisons issue which has
been widely addressed in the literature is the question of P-
value adjustments. Methods for adjusting P-values [4, 10,
18, 21] include the Bonferroni correction and the less con-
servative False Discovery Rate (FDR). Dudoit et al. present
an excellent review [9] of current work in this important
area. As noted earlier, Multiple Selection Accuracy can be
thought of as similar to a True Discovery Rate5. However,
MSA is calculated exactly, and in terms of the number of
genes selected rather than threshold. Moreover, FDR meth-
ods and MSA address related but distinct problems. Our aim
has been to understand analytically how algorithms behave
- and differ in their behaviour - in various regions of pa-
rameter space. Consequently, we have derived selection ac-
curacy in terms of population parameters. FDR methods,
in contrast, aim to calibrate P-values for a given dataset

4 Appendix A makes this clear, by looking the relationship between
BSA, and the area under a true ROC curve.

5 True Discovery Rate is usually defined as the expected proportion of
relevant genes among those selected at a given threshold. If TDR(s)
is taken to represent the True Discovery Rate for s genes selected, it
can be shown that MSA ≈ TDR(s) × s

g1
.

and algorithm. The ‘true’ FDR value is generally approx-
imated, without using population parameters, and subse-
quently used to determine an appropriate selection thresh-
old.

Recent work [5] has compared gene selection algorithms
by using ROC curves computed by simulation. However, no
attempt is made to derive selection accuracy as a function
of population parameters. Simulation studies are necessar-
ily limited, as only a small subset of conditions can possi-
bly be explored, particularly if multiplicity is to be taken
into account. Consider the multiple gene experiments pre-
sented above: a brute-force simulation would have required
6000 sets of samples to be drawn and ranked for each point
on each curve.

5. Conclusions

To conclude, let us return to the three questions posed at
the beginning of this paper, and examine the extent to which
they have been addressed:

1. Selection accuracy: We have shown how sampling
distributions can be used to link gene selection accu-
racy to population parameters. ‘Binary Selection Ac-
curacy’ was defined and derived in an intuitive but
principled manner, taking full account of the compara-
tive nature of gene selection.

2. Multiplicity: The analysis was extended to deal
with an arbitrary number of relevant and irrele-
vant genes. For simplicity it was assumed that all
relevant genes are identically distributed, as also ir-
relevant ones. Although this is certainly a strong
assumption, it nonetheless allowed us to usefully ex-
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amine the effects of multiplicity on gene selec-
tion.

3. Algorithm comparison: We presented a case-study
which compared three widely-used selection methods
across a range of parameter settings. Three particularly
interesting results emerged:

i) The t-statistic can be an inappropriate choice
even when data is normally distributed and class
variances identical,

ii) A simple fold method can outdo the t-statistic in
a number of plausible situations, and

iii) The SAM statistic performs well across a range
of conditions.

Although the results presented illustrate the utility of the
proposed analysis, it is worth emphasizing that practically
any aspect of algorithm performance can be queried within
the framework put forward here.

Three major directions for future work will be:

i) Extending the comparative analysis to other algo-
rithms. This will require relevant sampling distributions to
be derived, or approximated analytically. While this may
not always be easy, it could be argued that without the in-
formation provided by sampling distributions, it is difficult
to get a true picture of the behaviour of an algorithm un-
der various conditions, beyond necessarily limited empiri-
cal studies. Microarray experiments have come to play an
important role in guiding further exploration; as a conse-
quence, errors in gene selection can be costly in terms of
wasted resources and missed opportunities. A full under-
standing of the properties of selection algorithms is there-
fore of more than merely theoretical interest!

ii) Examining other selection problems. This paper fo-
cused on the topical problem of gene selection, but it is
worth emphasizing the generic nature of the questions that
were addressed. An increasing number of problems in sci-
entific data analysis involve selecting variables from high-
dimensional data; in principle, any task of this type can be
analyzed within the framework developed here. The selec-
tion of biologically relevant genes from time-varying mi-
croarray data is one example, which despite being a quite
different problem to static gene selection, raises many of
the same questions about selection accuracy. It would cer-
tainly be interesting to extend our approach to algorithms
for time-course analysis.

iii) Generalizing the analysis by placing priors over pop-
ulation parameters, sample-sizes and numbers of genes. For
compactness, let π represent all these quantities. Treating
everything but the model and form of the ranking function
as ‘nuisance parameters’ to be integrated out, would leave

us with a single probability of selection accuracy:∫
fMSA(π)p(π) dπ (18)

Where fMSA(π) represents Multiple Selection Accu-
racy as a function of the parameter vector π.

The prior p(π) would be chosen to capture knowledge
about the experimental set-up. This approach could also be
used to relax some of the simplifying assumptions made
here, such as the assumption that all relevant genes are
identically distributed. The probability of selection accu-
racy given by Equation 18 would in effect represent an ob-
jective function for gene selection algorithms. An optimal
algorithm, for the given model and priors, would simply
maximize this quantity. This approach could therefore lead
to a method for learning an optimal ranking function from
a family of candidate functions.

In conclusion, we have presented a theoretical analysis
of gene selection, which can be used to thoroughly exam-
ine the behaviour of selection algorithms, even when the
number of genes runs into the tens of thousands. The anal-
ysis can highlight strengths and weaknesses of algorithms,
and thus help bioinformaticians choose methods appropri-
ate to particular experimental conditions.
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A. Area under the ROC curve

The true ROC curve is simply a parametric curve
(α(τ), β(τ)), parameterized by a ranking threshold τ ,
where α(τ) and β(τ) are respectively the false posi-
tive and true positive rates given threshold τ . Note that in
gene selection true and false positives refer to the genes be-
ing selected, not samples being classified. The threshold
is taken to be always non-negative. Then, given sam-
pling distributions p0 and p1, each of β and α is a function
of threshold τ only, as shown in the main text (Equa-
tions 9 and 10 respectively). The area under the ROC curve
(AUC) is given by:

AUC =
∫ 1

0

β dα

The bounds on the integral can be thought of as going
from ‘strict’ to ‘lenient’ - thus, a false positive rate of zero
(the lower bound in terms of α) corresponds to a threshold
of +∞, while a false positive rate of one, corresponds to a
threshold of zero. Bearing in mind that dα = α′(τ)dτ we
can change variable to τ as follows:

AUC =
∫ 0

∞
β(τ)α′(τ)dτ

Now, α′(τ) and β(τ) can be expressed in terms of p0 and
φ1:

α′(τ) = −p0(τ) − p0(−τ)
β(τ) = 1 − φ1(τ) + φ1(−τ)

Substituting these expressions into the integral:

AUC

=
∫ 0

∞
(1 − φ1(τ) + φ1(−τ))(−p0(τ) − p0(−τ))dτ

= −
∫ 0

∞
(1 − φ1(τ) + φ1(−τ))p0(τ)dτ

−
∫ 0

∞
(1 − φ1(τ) + φ1(−τ))p0(−τ)dτ

=
∫ ∞

0

(1 − φ1(τ) + φ1(−τ))p0(τ)dτ

+
∫ ∞

0

(1 − φ1(τ) + φ1(−τ))p0(−τ)dτ

If p0 is symmetric about 0 (as is the case for most com-
mon ranking functions):

AUC = 2
∫ ∞

0

(1 − φ1(τ) + φ1(−τ))p0(τ)dτ

Now, Binary Selection Accuracy was expressed in Equa-
tion 3 in the following form:

BSA =
∫ ∞

−∞
(1 − φ1(|u|) + φ1(−|u|))p0(u)du

Since (1−φ1(|u|)+φ1(−|u|)) is an even function of u:

BSA = 2
∫ ∞

0

(1 − φ1(|u|) + φ1(−|u|))p0(u)du

= 2
∫ ∞

0

(1 − φ1(u) + φ1(−u))p0(u)du

This latter expression is clearly identical to AUC.

B. Approximation to the conditional p(τ |s)
As noted in the main text, the general relationship be-

tween threshold τ and number of genes s is probabilistic.
Applying Bayes theorem:

p(τ |s) =
P (s|τ)p(τ)

P (s)

The likelihood term P (s|τ) represents the distribution
over the number of genes selected at a given threshold τ .
The number of genes selected is simply the sum of the num-
ber of relevant and irrelevant genes selected (s1 and s0 re-
spectively) at threshold τ . Given τ , s1 and s0 are Binomial:

s|τ = s1|τ + s0|τ
s1|τ ∼ B(β(τ), g1)
s0|τ ∼ B(α(τ), g0)

Where, as before, β(τ) andα(τ) are respectively the true
and false positive rates at threshold τ . Twice making use
of the Normal approximation to the Binomial and adding
the two resulting Normals we can therefore approximate
the distribution over the number s of genes selected, given
threshold τ , as follows:

s|τ ∼ N(m(τ), v(τ))
m(τ) = g1β(τ) + g0α(τ)
v(τ) = g1β(τ)(1 − β(τ))

+g0α(τ)(1 − α(τ))

Further assuming uniform priors for τ and s, we get the
unnormalized density function for p(τ |s) suggested in the
main text.

Principally due to the properties of the Normal approxi-
mation to the Binomial, the approximation is very accurate
for moderately large values of g0, g1 and s; this partly ex-
plains the empirically verified accuracy of the approxima-
tion for realistic gene selection scenarios.

An alternative approach to working out p(τ |s) would be
to find the distribution of the order statistic T 〈s′〉, where T
is a single random variable representing the complete set of
g1 draws from p1 and g0 draws from p0, and s′ = g−s+
1. The distribution we have suggested is thus effectively an
approximation to p(T 〈s′〉).
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